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Summary. The problem of estimating a vector of normal means, subject to a fixed variance
term σ 2 , has been extensively studied, but many practical situations instead involve a heterogeneous variance, σi2 . Hence, we consider the problem of estimating a vector of normal
means with heteroscedastic variances and propose the “Nonparametric Empirical Bayes SURE
Tweedie’s” (NEST) estimator. As NEST is neither a James-Stein type linear estimator nor a
discrete grouping method, its form is unlike previous heteroscedastic approaches. NEST estimates the marginal density of the data fσi (xi ), for any pair (xi , σi ), using a smoothing kernel
that weights observations according to their distance from both xi and σi . NEST then applies the
estimated density to a generalized version of Tweedie’s formula to estimate the corresponding
mean vector. NEST is simple to calculate but flexible enough to accommodate general settings.
Additionally, a Stein-type unbiased risk estimate (SURE) criterion is developed to select NEST’s
tuning parameters. Our theoretical results show that NEST is asymptotically optimal, while simulation studies show that it outperforms competitive methods, with substantial efficiency gains in
many settings. The method is further demonstrated on a data set measuring the performance
gap between social-economically advantaged and disadvantaged students in elementary to secondary school math scores.
Keywords: compound decision, empirical Bayes, kernel smoothing, shrinkage estimation, SURE,
Tweedie’s formula

1.

Introduction

Suppose that we are interested in estimating a population mean vector µ = (µ1 , · · · , µn )T
based on a vector of summary statistics X = (X1 , · · · , Xn )T . The problem is a classic lowdimensional problem that has reemerged in the high-dimensional setting. Simultaneously
estimating hundreds or thousands of means involves additional challenges because, as described in Efron (2011), the large scale of the problem introduces selection bias, wherein
some data points are large merely by chance, causing traditional estimators to overestimate
the corresponding means.
Shrinkage estimation, exemplified by the seminal work of James and Stein (1961), has
been an influential and eﬀective approach to simultaneous estimation problems in the highdimensional setting. There are several popular classes of methods, including linear shrinkage
estimators (James and Stein, 1961; Efron and Morris, 1975; Berger, 1976), non-linear thresholding based estimators motivated by sparse priors (Donoho and Jonhstone, 1994; Johnstone
and Silverman, 2004; Abramovich et al., 2006), and full Bayes or empirical Bayes (EB) estimators with unspecified priors (Brown and Greenshtein, 2009; Jiang and Zhang, 2009; Castillo
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and van der Vaart, 2012). This article focuses on a class of estimators based on Tweedie’s
formula, which made its first appearance in Robbins (1956). Tweedie’s rule is an elegant
shrinkage estimator that has recently received renewed interest (Brown and Greenshtein,
2009; Efron, 2011; Koenker and Mizera, 2014). The formula is simple and intuitive since its
implementation in the empirical Bayes setting only requires the estimation of the marginal
density of Xi . This property is in particular appealing for large-scale estimation problems
where nonparametric density estimates can be easily constructed from data. The resultant
EB estimator enjoys optimality properties (Brown and Greenshtein, 2009), and delivers superior numerical performance (Efron, 2011). Efron (2011) further convincingly demonstrated
that Tweedie’s formula provides an eﬀective tool for removing selection bias when estimating
thousands of means simultaneously.
Most of the research in this area, in particular the study of Tweedie’s formula, has been
ind
restricted to homoscedastic models of the form Xi |µi , σ ∼ N (µi , σ 2 ). Due to their diﬃculty,
few methodologies are available for the heteroscedastic case. However, the heteroscedastic setting has many practical applications. For example, microarray data (Erickson and
Sabatti, 2005), returns on mutual funds (Brown et al., 1992), and the state-wide school performance gaps, considered in Section 4.2, are all examples of large-scale data where genes,
funds, or schools have heterogeneous variances. Moreover, heteroscedastic errors often arise
in ANOVA analysis and linear regression (Weinstein et al., 2017). Even the classic baseball data set (Brown, 2008) and the toxoplasmosis study (Efron and Morris, 1975) display
heteroscedasticity due to unequal sample sizes in each unit.
The heteroscedastic problem can be formulated using a hierarchical approach. For n
parallel studies, the data for the ith study is summarized by Xi which is modeled by
ind

Xi |µi , σi ∼ N (µi , σi2 ),

i = 1, . . . , n,

(1.1)

where µi and σi2 are independent and drawn from unspecified priors
iid

iid

µi ∼ Gµ (·), σi2 ∼ Gσ (·).

(1.2)

A common goal is then to find the estimator, or make the decision, that minimizes the
expected squared error loss. Following tradition, we assume σi2 are known (take for example,
Robbins (1951), Brown and Greenshtein (2009), Xie et al. (2012), and Weinstein et al. (2017))
and for implementation, use a consistent estimator, as discussed in Weinstein et al. (2017).
An alternative to estimating σ 2 involves placing an objective prior on σ 2 as done in Jing et al.
(2016), which extends the model in Xie et al. (2012) to the case of unknown variance.
A plausible seeming solution to the heteroscedastic problem might be to scale each Xi
by σi so that a homoscedastic method could be applied to Xisc = Xi /σi , before undoing the
scaling on the final estimate of µi . However, this implicitly changes the loss function being
minimized and hence produces inferior estimates, as we demonstrate in our empirical results.
More advanced methods for dealing with heterogeneous variances have been developed, but
many existing techniques may not be fully eﬃcient in general settings. For instance, the
methods proposed by Xie et al. (2012), Tan (2015), Jing et al. (2016), Kou and Yang (2017),
and Zhang and Bhattacharya (2017) are designed for heteroscedastic data but assume a
parametric Gaussian prior, which leads to loss of eﬃciency when the prior is misspecified.
Recently, Weinstein et al. (2017) proposed to first group data by heterogeneous variances and
then employ a linear shrinkage estimator within each group. The grouping method improves
the classical James-Stein estimator by capturing the heteroscedasticity in the data. However,
it involves discretizing the variances and prohibits information pooling across groups, both
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of which tend to lead to eﬃciency loss. Moreover, it is unclear how to choose the “optimal”
grouping to tradeoﬀ the bias and variance.
By contrast, we propose an approach, “Nonparametric Empirical Bayes SURE Tweedie”
(NEST), which adopts a two–step approach, first estimating the marginal distribution of Xi ,
fσ (x), and its derivative, and second predicting µi using a generalized version of Tweedie’s
formula. Hence, NEST departs from linear shrinkage and other techniques that focus on
the form of the prior distribution. A significant challenge in the heterogeneous setting is
that fσ (x) varies with σ, so we must estimate a two dimensional function. NEST addresses
this issue using a kernel which weights observations by their distance in both the x and
σ dimensions. The intuition here is that the density function should change smoothly as
a function of σ, so observations with variability close to σ can be used to estimate fσ (x).
Once we obtain this two–dimensional density function, we simply apply Tweedie’s formula
to estimate the mean corresponding to any particular combination of x and σ. Compared to
the grouping method (Weinstein et al., 2017), NEST incorporates the heteroscedasticity in a
simpler and more accurate manner, and is capable of pooling information from all samples
to construct a more eﬃcient estimator.
NEST has four clear advantages. First, it is both easy to understand and compute but
nevertheless handles general settings. Second, NEST does not rely on any parametric assumptions about Gµ (µ) or Gσ (σ). In fact it makes no explicit assumptions about the priors since
it directly estimates the marginal density fσ (x) using a nonparametric kernel method. Third,
we prove that NEST only requires a few simple assumptions to achieve asymptotic optimality for a broad class of models. Additionally, we develop a Stein-type unbiased risk estimate
(SURE) criterion for bandwidth tuning, which explicitly resolves the bias–variance tradeoﬀ
issue in compound estimation under the heteroscedastic setting. Finally, we demonstrate, via
both simulated and real data settings, that NEST can provide high levels of estimation and
prediction accuracy relative to a host of benchmark comparison methods.
The rest of the paper is structured as follows. Section 2 develops a generalization of
Tweedie’s formula to the multivariate setting, presents the NEST decision rule and algorithm,
and describes the SURE criterion for choosing bandwidths. Section 3 describes the asymptotic
setup, lists assumptions needed, and provides the main theorem establishing the asymptotic
optimality of NEST. Section 4 concludes with a comparison of methods in several simulations
and a data application. The proofs are given in Section 5.

2.

Tweedie’s Formula and the Empirical Bayes Approach

This section describes our proposed NEST approach. Section 2.1 reviews Tweedie’s formula
as it has been developed for univariate models and then generalizes the formula to multivariate
models; a special case of this general result gives the oracle estimator for the heteroscedastic
setting. In Section 2.2, we consider an empirical Bayes framework for estimating the oracle
rule and discuss new challenges in the heteroscedastic case. Finally Section 2.3 presents our
SURE criterion for selecting the tuning parameters.

2.1.

Tweedie’s formula for heteroscedastic models

Consider the hierarchical model (1.1) and (1.2) with homoscedastic errors σi2 = σ 2 . Let
∫
(1)
d
fσ (x) = ϕσ (x−µ)dGµ (µ) be the marginal density of Xi and fσ (x) = dx
fσ (x) its derivative.
Robbins (1956) demonstrated that the estimator minimizing the expected squared error loss
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is given by δ T F = (δiT F : 1 ≤ i ≤ n), where
(1)

δiT F = E(µi |xi ) = xi + σ 2

fσ (xi )
.
fσ (xi )

(2.1)

An important property of the formula is that it only requires the estimation of the marginal
distribution of Xi in order to compute the estimator, which is in particular appealing in largescale studies where one observes thousands of Xi , making it possible to obtain an accurate
estimate of the marginal density.
We demonstrate that Tweedie’s formula can be extended to the multivariate setting.
Assume that X = (X1 , · · · , Xn )T follows a multivariate normal distribution
X|(µ, Σ) ∼ Nn (µ, Σ),

(2.2)

where µ ∫∼ Gµ (·) and Σ is known. Denote by fΣ (x|µ) the density of X given µ, and
fΣ (x) = fΣ (x|µ)dGµ (µ) the marginal density of X.
x), · · · , δn (x
x)}T be an estimator for µ. The compound Bayes risk of δ under
Let δ = {δ1 (x
squared error loss is
∫ ∫
r(δ, Gµ ) =

1∑
2
{δi (x) − µi } fΣ (x|µ)dxdGµ (µ).
n i=1
n

(2.3)

The next theorem derives the optimal estimator under risk (2.3).
Theorem 1. (The multivariate Tweedie’s formula). Under Model 2.2, the optimal
estimator that minimizes (2.3) is
(1)

δ π (x) = E(µ|x, Σ) = x + Σ
(1)

(1)

where fΣ (x) is the partial derivative fΣ (x) =

{

fΣ (x)
,
fΣ (x)

(2.4)
}T

d
d
dx1 fΣ (x), . . . , dxn fΣ (x)

.

Consider the special case where Σ = diag{σ12 , . . . , σn2 } is a diagonal matrix, and the
elements µi in µ are independent and follow a common prior distribution Gµ (·). Then the
next corollary gives the result for the heteroscedastic setting with which we are concerned.
Corollary 1. Under Models 1.1 & 1.2, the optimal estimator is δ π = (δ1π , · · · , δnπ )T ,
where
(1)
fσ (xi )
δiπ = E(µi |Xi = xi , σi ) = xi + σi2 i
.
(2.5)
fσi (xi )
The proof of the corollary is straightforward and omitted.
The estimator (2.5) envelopes previous work. If we assume homoscedastic errors σi = σ,
then fσi (xi ) = fσ (xi ) and (2.5) reduces to the univariate Tweedie’s formula. The Bayes
rule (2.5) is an oracle estimator, which cannot be implemented directly because the densities
fσi (x) are typically unknown in practice. The next section introduces an empirical Bayes
(EB) approach that can tackle the implementation issue. The EB approach also provides a
powerful framework for studying the risk properties of the proposed estimator.
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2.2. Weighted kernel density estimation
(1)
In order to implement (2.5) we must first form estimates for fσi (xi ) and fσi (xi ). We propose
a weighted kernel density estimator. Let h = (hx , hσ ) be tuning parameters (bandwidths).
Define
n
∑
fˆσ,hh (x) :=
wj ϕh (x − xj ),
(2.6)
xj

j=1

∑n
where wj ≡ wj (σ, hσ ) = ϕhσ (σ − σj )/{ j=1 ϕhσ (σ − σj )} is the weight that determines the
contribution
{ from
} (xj , σj ), hxj = hx σj is a bandwidth that varies across j, and ϕh (z) =
2

z
exp − 2h
is a Gaussian kernel. The weights wj have been standardized to ensure
2
that fˆσ,hh (x) itself is a proper density function. When the errors are homoscedastic, wj = 1/n
for all j and (2.6) becomes the usual kernel density estimator.
Next we give explanations for the proposed estimator. First, estimating fσi (xi ) directly is
diﬃcult as we only have one pair of observations (xi , σi ) for each density function. To exploit
the fact that fσ (x) changes smoothly as a function of σ, we propose using weights, which
are determined by a kernel function, to borrow strength from observations with variability
close to σi , while placing little weight on points where σi and σj are far apart. Second, we
set hxj = hx σj , which provides a varying bandwidth to adjust for the heteroscedasticity in
the data. Specifically, the bandwidth of the kernel placed on the point Xj is proportional to
σj ; hence data points observed with higher variations are associated with flatter kernels. Our
numerical results show that the varying bandwidth provides substantial eﬃciency gain over
fixed bandwidths. A related idea has been used in the variable kernel method (e.g. Silverman,
1986, pp. 21), which employs bandwidths that are proportional to the sparsity of the data
points in a region. Finally, a plethora of kernel functions may be used to construct our estimator. We have chosen the Gaussian kernel ϕh (·) to facilitate our theoretical analysis. Another
advantage of using the Gaussian kernel is that it leads to good numerical performance. In
contrast, as observed by Brown and Greenshtein (2009), kernels with heavy tails typically
introduce a significant amount of bias in the corresponding EB estimates. Compared to the
choice of kernel, the selection of tuning parameters h is a more important issue; a detailed
discussion is given in Section 2.3.
We follow the standard method in the literature (e.g. Wand and Jones, 1994) to obtain
(1)
the estimate of the derivative fˆσ,hh (x):
√1
2πh

∑
d ˆ
(1)
fˆσ,hh (x) :=
fσ,hh (x) =
wj ϕhxj (x − xj )
dx
j=1
n

(

xj − x
h2xj

)
.

(2.7)

Our methodological development is focused on a class of estimation procedures of the form
X ) = (δh ,i : 1 ≤ i ≤ n)T , where
δ h ≡ δ h (X
δh ,i = xi + σi2

(1)
fˆσi ,hh (xi )
.
fˆσ ,hh (xi )

(2.8)

i

2.3. Selecting the tuning parameters
Implementing (2.8) requires selecting the tuning parameters h = (hx , hσ ). Ideally, these
parameters should be chosen to minimize the true risk, which is unknown in practice. We
propose using Stein’s unbiased risk estimate (SURE; Stein, 1981) as a criterion for tuning
h . Our SURE method requires a training dataset to estimate the densities, as well as an
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independent dataset to evaluate the true risk. Next we describe a cross-validation approach
for constructing the estimator and calculating the corresponding SURE function, which is
further used for selecting the tuning parameters.
Let X = {1, · · · , n} denote the index set of all observations. We first divide the data into
K equal or nearly equal subsets so that for each fold k = 1, . . . , K, there is a holdout subset
Xk taken from the full dataset X . Let XkC = X \ Xk . For each i ∈ Xk , we first use all xj ∈ XkC
to estimate the density (and corresponding first and second derivatives), and then evaluate
the risk using the following SURE function:
{
}2 
ˆσ ,hh (xi )fˆ(2) (xi ) − fˆ(1) (xi )
2
f
i
h
h
σi ,h
σi ,h


h) := S(h
h; xi , σi2 ) = σi2 + σi 4 
Si (h
,
{
}2
ˆ
fσi ,hh (xi )


(2.9)

where the second derivative is computed as
(2)
fˆσ,hh (x)

=

∑

ϕh (x − xj )
wj xj 2
hxj
C

j∈Xk

{(

x − xj
hxj

)2

}
−1 .

h) upon the training data has been suppressed
In the above formula, the dependence of Si (h
for notational simplicity. The compound SURE function
∑ can be obtained by combining all
h). The tuning parameters are
h) = ni=1 Si (h
individual SURE functions defined by (2.9): S(h
h): ĥ
h = arg minh S(h
h). Substituting ĥ
h in place of h in (2.8) provides
chosen to minimize S(h
the proposed “Nonparametric Empirical Bayes SURE Tweedie” (NEST) estimator, denoted
δ̂δ = (δ̂1 , · · · , δ̂n ).
Remark 1. The SURE criterion is diﬀerent from the proposals developed in the density
estimation literature for bandwidth selection. Since the emphasis in the kernel smoothing
literature is to pick a bandwidth to produce a good estimate of the density, this bandwidth
may not be the same as that which produces the best decision rule to estimate µ. In fact,
the theoretical analyses in Brown and Greenshtein (2009) (and their Remark 5) suggest
that the bandwidth for the compound estimation problem should converge to 0 “just faster”
than (log n)−1 . By contrast, the optimal choice of bandwidth is equal to hx ∼ n−1/5 for a
continuously twice diﬀerentiable density (e.g. Wand and Jones, 1994). Our numerical results
show that the SURE criterion leads to much improved performance.
Finally we prove that (2.9) provides an unbiased estimate of the risk. Let X∗ be a
generic random variable obeying Models 1.1 & 1.2, from which we also have an independent
sample of training data. Denote µ∗ the unknown mean and σ∗2 the variance associated with
X∗ . The corresponding estimator in the class (2.8) is denoted δh∗ . Again, the dependence
of δh∗ on the training data is suppressed. For a fixed µ∗ , the risk associated with δh∗ is
R(δh∗ , µ∗ ) = EX∗ |µ∗ (δh∗ −µ∗ )2 , where the expectation is taken with respect∫ to X∗ given µ∗ and
the training data. The corresponding Bayes risk is given by r(δh∗ , G) = R(δh∗ , µ∗ )dGµ (µ∗ ).
The next proposition justifies the SURE function (2.9).
Proposition 1. Consider the heteroscedastic Models 1.1 & 1.2. Then we have R(δh∗ , µ∗ ) =
h; X∗ , σ∗2 )} and r(δh∗ , G) = EX∗ ,µ∗ {S(h
h; X∗ , σ∗2 )}, where the last expectation is taken
EX∗ |µ∗ {S(h
with respect to the joint distribution of (X∗ , µ∗ ) for a fixed training dataset.
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Asymptotic Properties of NEST

This section studies the risk behavior of the proposed NEST estimator and establishes its
asymptotic optimality. Section 3.1 describes the basic setup. The main theorem is presented
in Section 3.2, where we also explain the main steps and provide some intuitions behind the
proofs.
3.1. Asymptotic setup
Consider the hierarchical Models 1.1 and 1.2. We are interested in estimating µ based on
X , σ 2 ); this is referred to as a compound decision problem (Robbins, 1951,
the observed (X
1956) as the performances of the n coordinate-wise decisions will be combined and evaluated
together. Let δ = (δ1 , · · · , δn )T be a general decision rule. We call δ a simple rule if for all
i, δi depends only on (xi , σi ), and δ a compound rule if δi depends also on (xj , σj ), j ̸= i
2
(Robbins, 1951). Denote ln (δδ , µ ) = n−1 ∥δδ − µ ∥2 the squared error loss of estimating µ using
2
δ . Let D = (X, µ, σ ). Then the (compound) Bayes risk is
r(δ, G) = ED {ln (δδ , µ )} ,

(3.1)

µ, σ 2 ).
where G is used to denote the unspecified joint prior on (µ
Consider the oracle setting where the marginal density fσ (x) is known. We have shown
that the oracle rule that minimizes the Bayes risk is δ π [cf. Equation 2.5], which is a simple
rule, a useful fact that can be exploited to simplify our analysis. Concretely, let (X, µ, σ)
be a generic triple of random variables from the hierarchical Model 1.1 and 1.2, and δ π the
(scalar) oracle rule for estimating µ based on (X, σ). It follows that the risk of the compound
estimation problem (e.g. using δ π to estimate µ ) reduces to the risk of a single estimation
problem (e.g. using δ π for estimating µ):
{
}
r(δ π , G) = r(δ π , G) := EX,µ,σ (δ π − µ)2 .
(3.2)
The oracle risk (3.2) characterizes the optimal performance of all decision rules. Moreover,
it is easy to analyze as it can be explicitly written as the following integral
∫ ∫ ∫
{ π
}
2
EX,µ,σ (δ − µ) =
(δ π − µ)2 ϕσ (x − µ)dxdGµ (µ)dGσ (σ).
(3.3)
We focus on the setting where the oracle risk is bounded below by a constant: r(δ π , G) ≥
C > 0. Following Robbins (1964), we call a decision rule δ asymptotically optimal if
lim r(δ, G) = r(δ π , G).

n→∞

(3.4)

The major goal of our theoretical analysis is to show that the NEST estimator δ̂δ is asymptotically optimal in the sense of (3.4). The NEST estimator is diﬃcult to analyze because it
is a compound rule, i.e. the decision for µi depends on all of the elements of X and σ 2 . The
compound risk of the form (3.1) cannot be explicitly written as simple integrals as done in
(3.3) because each Xi is used twice: for both constructing the estimator and evaluating the
risk. We discuss strategies to overcome this diﬃculty in the next section.
3.2. Asymptotic optimality of NEST
We first describe the assumptions that are needed in our theory.
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Assumption 1. All means are bounded above by a sequence, which grows to infinity at a
rate slower than any polynomial of n, i.e. ∀i, |µi | ≤ Cn , where Cn = o(nϵ ) for every ϵ > 0.
This is considered to be a mild assumption as it allows one to take Cn = O{(log n)k } for
any constant k. The particular case of k = 1/2 corresponds to the interesting scenarios in
a range of large-scale inference problems such as signal detection (Donoho and Jin, 2004),
sparse estimation (Abramovich et al., 2006), and false discovery rate analysis (Meinshausen
and Rice, 2006; Cai and Sun, 2017). For example,
in the signal detection problem considered
√
by Donoho and Jin (2004), choosing µn = 2r log n, where 0 < r < 1, makes the global
testing problem neither trivial nor too diﬃcult.
Under Assumption 1, it is natural to consider a truncated version of NEST which returns
the component-wise max(δ̂i , K log n) for some large K. The truncation tends to slightly
improve the numerical performance. For notational simplicity, the truncated estimator is
also denoted by δ̂ and subsequently used in our proof. The modification is proposed mainly
for theoretical considerations; we justify in Section 5.4.1 that the truncation will always reduce
the MSE.
Assumption 2. The variances are uniformly bounded, i.e. there exist σl2 and σu2 such
that σl2 ≤ σi2 ≤ σu2 for all i.
This is a reasonable assumption for most real life cases. When σi2 measures the variability
of a summary statistic for an inference unit, the assumption is fulfilled when the sample size
for obtaining the summary statistic is neither too large nor too small.
Next we state our main theorem, which formally establishes the asymptotic optimality of
the proposed NEST estimator.
Theorem 2. Consider Models 1.1 and 1.2. Let hx ∼ n−ηx and hσ ∼ n−ηs , where ηx and
ηs are small constants such that 0 < ηx + ηs < 1. Then under Assumptions 1-2, the NEST
estimator δ̂δ is asymptotically optimal in the sense of (3.4).
In the remainder of this section, we explain the main ideas and steps in the proof of
the theorem. The challenge in analyzing NEST lies in the dependence of δ̂i upon all of the
elements of X and σ 2 ; hence the asymptotic analysis, which involves expectations over the
joint distributions of (X, µ, σ 2 ), is diﬃcult to handle. To overcome the diﬃculty, we divide
the task by proving three propositions. The first proposition involves the study of the risk
from applying NEST to a new pair of observations (X, σ 2 ) obeying Models 1.1 and 1.2:
δ̂ = X + σ
(1)
h
σ,ĥ

where fˆσ,ĥh and fˆ

(1)
fˆ h (X)
2 σ,ĥ

fˆσ,ĥh (X)

,

are constructed from {(xi , σi2 ) : 1 ≤ i ≤ n}. As the data used to construct

the NEST estimator δ̂ are independent of the new observation, the Bayes risk for estimating
µ can be expressed as
}
{
(3.5)
r(δ̂, G) = ED EX,µ,σ (δ̂ − µ)2 .
}
{
The risk (3.5) is relatively easy to analyze because EX,µ,σ (δ̂ − µ)2 can be evaluated ex∫∫∫
plicitly as
(δ̂ − µ)2 ϕσ (x − µ)dxdGµ (µ)dGσ (σ).
The following proposition, which constitutes a key step in establishing the asymptotic
optimality, demonstrates that r(δ̂, G) is asymptotically equal to the oracle risk.
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Proposition 2. Suppose we apply two scalar decisions: the oracle estimator δ π and the
NEST estimator δ̂, to a new pair (X, σ 2 ) obeying Models 1.1 and 1.2. Then we have
{
}
ED EX,µ,σ (δ̂ − δ π )2 = o(1).
It follows that limn→∞ r(δ̂, G) = r(δ π , G).
Proposition 2 is proven via three lemmas, which introduce two intermediate estimators δ̃ and
δ̄, defined rigorously in Section 5.3, that help bridge the gap between the NEST and oracle
estimators. Intuitively, δ̃ is constructed based on a kernel density estimator that eliminates
the randomness in Xi , and δ̄ is obtained as an approximation to δ̃ by further teasing out the
variability in σj2 . The analysis involves the study of the relationships of the risks of δ̃ and δ̄
to the risks of the oracle rule δ π and NEST method δ̂. The three lemmas respectively show
that (i) the risk of δ̄ is close to that of δ π ; (ii) the risk of δ̃ is close to that of δ̄, and (iii) the
risk of δ̃ is close to that of δ̂. Therefore Proposition 2 follows by combining (i) to (iii).
Next we show that the proof of the theorem essentially boils down to proving the asymptotic optimality of a jacknifed NEST estimator δ̂ − = (δ̂ −1 , · · · , δ̂ −n ), where δ̂(−i represents
)
2
=
the ith decision, in which the density and its derivative are fitted using data X−i , σ−i
{(xj , σj ) : 1 ≤ j ≤ n, j ̸= i}, and then applied to (xi , σi ). The risk function for the jacknifed
estimator is
(
)
(
)
2
r δ̂ − , G = ED n−1 δ̂ − − µ
.
(3.6)
2

The next proposition shows that the compound risk of δ̂ − is equal to the univariate risk
r(δ̂, G) from applying NEST to a new pair (X, σ 2 ).
−

Proposition 3. Consider the jackknifed NEST estimator δ̂δ . Then under the assumptions and conditions of Theorem 2, we have
(
)
r δ̂ − , G = r(δ̂, G) = r(δ π , G) + o(1).
Finally, the following proposition shows that the jackknifed NEST estimator is asymptotically equivalent to the full NEST estimator.
Proposition 4. Consider the full NEST estimator δ̂δ and the jackknifed NEST estimator
−
δ̂δ . Then under the assumptions and conditions of Theorem 2, we have
(
)
(
)
r δ̂, G = r δ̂ − , G + o(1).
Combining Propositions 2 to 4, we complete the proof of Theorem 2, thereby establishing the
asymptotic optimality of NEST.
4.

Numeric Results

In this section we compare the performance of NEST relative to several competing methods
using simulated data in Section 4.1 and a real dataset in Section 4.2. Our simulation results
suggest that NEST improves upon other estimators in a wide variety of settings and has
similar loss to the oracle estimator when µi comes from a normal distribution.
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4.1.

Simulation

In our simulations we compared five approaches: the naive method (“Naive”), using X
without shrinkage; Tweedie’s formula (“TF”) from Brown and Greenshtein (2009); the scaling
method mentioned in Section 1, which inputs scaled Xisc = Xi /σi and outputs the rescaled
mean (“Scaled”); and a grouping method (“k-Groups”), in the spirit of Weinstein et al.
(2017), which first creates k equal sized groups based on the variances and second applies the
univariate Tweedie’s formula within each group. Finally, we implemented a truncated version
of NEST to be consistent with theory (discussed right after Assumption 1 in Section 3.2). The
truncation has little impact on the numerical performance. Mean-squared errors (“MSE”),
and associated standard errors (“SE”), were computed using the diﬀerences between the
estimated mean from each method and the true µ, over a total of 50 simulation runs.
iid

In all settings we simulate Xi |µi , σi ∼ N (µi , σi2 ) for 1 = 1, . . . , n, where n, gµ , and
gσ vary across settings. We consider two sample sizes: n = 5, 000 and 10, 000. Moreover,
three scenarios for gµ are investigated. In the first setting µi ∼ N (2, 0.52 ) , while in the
second setting µi ∼ U [1, 3]. Finally, under the third setting, µi are drawn from a mixture
distribution, with a 0.7 probability of a point mass at zero, and a 0.3 probability of a draw
iid
from the N (2, 0.52 ) distribution. For gσ we simulate σ ∼ U [0.5, σM ] and test three diﬀerent
values, σM = 2, 3 and 4, allowing us to assess the impact of increasing heteroscedasticity.
The three settings for each of µi and σi , along with the two values for n, generate 18 diﬀerent
simulation scenarios.
All methods require selecting the kernel bandwidth, hx . We use the same bandwidth for
both the density function and its derivatives, but select the bandwidth using two diﬀerent
methods. First, we choose hx to minimize the true risk (“True Risk”), an optimal situation
which could not be implemented in practical situations, and then, more realistically, select
hx to minimize our SU RE criterion over a grid of possible values (“SURE”). The grouping
methods additionally must be tuned for the number of groups. To this end, we run the group
linear method on even sized groups of 2, 5, and 10.
iid

Table 1 shows mean squared errors for the normal model µi ∼ N (2, 0.52 ). For this
setting, since the analytical form of the mixture density is known, we can additionally compare
performance against the oracle rule (2.1). In the 5, 000 observation setting, Table 1 shows
that for true risk, NEST performs closest to the oracle, followed by the 5-group method.
For the level with lowest heteroscedasticity (σM = 2), NEST’s true risk is only 20% higher
than the oracle, while that of the 5-group method is 31% higher. Amongst the SURE-chosen
risks, NEST is still best, but it is followed by the 2-group rather than the 5-group method.
When the number of observations are increased to 10, 000, the homogeneous methods and
2-group performance remain approximately constant. The 10-group method sees the greatest
improvement but NEST still consistently outperforms all other methods.
The simulations highlight a trade-oﬀ between the grouping and homogeneous methods.
Grouping methods capture some of the heteroscedasticity in the data, but when the number of
groups divides the data into clusters that are much smaller than the full set, the estimator can
become unstable, particularly for data with broad ranges of variance. Homogeneous methods
have the opposite characteristics: their use of the whole data set makes them very stable,
but can result in biased estimators in heterogeneous data settings. NEST can be seen as a
continuous version of the discrete grouping method, and hence provides a compromise between
the two approaches: it makes eﬃcient use of all of the data but does not suﬀer from the bias
introduced by using the homogeneous methods. The benefits of NEST become increasingly
apparent with higher heterogeneity levels, as the diﬀerence between its performance and other
methods widens.

NEST

Table 1. Normal Model with standard errors in parentheses. Bolded terms represent
oracle, and best performances for true and SURE risk in each variability setting
n
hx
Method
σM = 2
σM = 3
σM = 4
Oracle
0.205 (0.001) 0.219 (0.001) 0.227 (0.001)
Naive
1.744(0.006)
3.578(0.012)
6.114(0.023)
NEST
0.245 (0.001) 0.312 (0.002) 0.404 (0.006)
0.372(0.001)
0.653(0.002)
1.040(0.004)
TF
True
5000
Scaled
0.577(0.003)
0.976(0.006)
1.399(0.008)
Risk
2 Groups
0.294(0.007)
0.462(0.015)
0.699(0.026)
5 Groups
0.268(0.005)
0.367(0.009)
0.505(0.015)
10 Groups
0.285(0.004)
0.396(0.008)
0.548(0.014)
0.283 (0.012) 0.348 (0.010)
0.526 (0.032)
NEST
TF
0.373(0.001)
0.655(0.002)
1.048(0.004)
Scaled
0.586(0.003)
0.996(0.006)
1.444(0.010)
2 Groups
0.300(0.007)
0.491(0.019)
0.801(0.047)
5000
SURE
5 Groups
0.357(0.017)
0.594(0.045)
1.204(0.134)
10 Groups
0.470(0.025)
0.935(0.114)
2.551(0.351)
Oracle
0.205 (0.000) 0.220 (0.000) 0.226 (0.001)
1.746(0.005)
3.591(0.008)
6.093(0.018)
Naive
NEST
0.236 (0.001) 0.290 (0.002) 0.352 (0.003)
TF
0.372(0.001)
0.653(0.001)
1.030(0.003)
True
10000
Scaled
0.578(0.002)
0.964(0.004)
1.373(0.007)
Risk
2 Groups
0.289(0.006)
0.453(0.014)
0.677(0.024)
5 Groups
0.264(0.004)
0.350(0.006)
0.452(0.010)
10 Groups
0.262(0.003)
0.349(0.006)
0.448(0.010)
NEST
0.247 (0.005) 0.321 (0.009) 0.428 (0.018)
TF
0.372(0.001)
0.655(0.001)
1.033(0.003)
Scaled
0.584(0.002)
0.978(0.005)
1.401(0.008)
2 Groups
0.293(0.007)
0.470(0.016)
0.760(0.038)
10000 SURE
5 Groups
0.288(0.008)
0.500(0.038)
0.994(0.136)
10 Groups
0.358(0.012)
0.732(0.071)
1.381(0.156)
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Table 2. Uniform model with standard errors in parentheses. Bolded terms represent
best performances for true and SURE risk in each variability setting
n
hx
Method
σM = 2
σM = 3
σM = 4
Naive
1.749(0.006)
3.569(0.013)
6.111(0.022)
NEST
0.297 (0.001) 0.373(0.003) 0.461 (0.005)
TF
0.409(0.001)
0.692(0.003)
1.072(0.004)
0.609(0.003)
1.000(0.006)
1.415(0.010)
Scaled
True
5000
2 Groups
0.340(0.002)
0.511(0.003)
0.745(0.005)
Risk
5 Groups
0.321(0.004)
0.426(0.007)
0.562(0.011)
10 Groups
0.340(0.006)
0.453(0.011)
0.605(0.018)
NEST
0.369 (0.022) 0.572 (0.070) 0.573 (0.028)
TF
0.411(0.001)
0.695(0.003)
1.076(0.004)
Scaled
0.624(0.005)
1.023(0.007)
1.463(0.013)
2 Groups
0.468(0.040)
0.768(0.106)
1.094(0.137)
5000
SURE
5 Groups
0.504(0.073)
1.023(0.245)
1.243(0.254)
10 Groups
0.657(0.111)
1.477(0.430)
2.555(0.846)
Naive
1.749(0.005)
3.583(0.009)
6.090(0.017)
NEST
0.287 (0.001) 0.353 (0.002) 0.420 (0.003)
TF
0.408(0.001)
0.692(0.002)
1.073(0.002)
Scaled
0.602(0.002)
0.983(0.005)
1.394(0.007)
True
10000
2 Groups
0.335(0.001)
0.505(0.002)
0.731(0.003)
Risk
5 Groups
0.304(0.002)
0.398(0.004)
0.508(0.007)
10 Groups
0.314(0.003)
0.411(0.007)
0.518(0.011)
NEST
0.338 (0.015) 0.440 (0.032) 0.603 (0.049)
TF
0.409(0.001)
0.689(0.002)
1.071(0.002)
Scaled
0.614(0.003)
1.001(0.005)
1.441(0.008)
2 Groups
0.498(0.033)
0.779(0.033)
1.446(0.086)
10000 SURE
5 Groups
0.449(0.041)
1.072(0.086)
1.363(0.127)
10 Groups
0.748(0.073)
1.052(0.132)
1.904(0.381)
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Table 2 corresponds to the µi ∼ U [1, 3] model. The analytical Bayes rule is not computable when using the uniform or sparse distributions, but we compare NEST to the remaining four methods. In this setting the homogeneous methods are relatively stronger but
are still outperformed by the heterogeneous methods. When using the true risk with 5, 000
observations, NEST has only 17% of the error of the naive method in the σM = 2 setting,
while the next best 5-groups method has 18% of the error of the naive method. Using SURE,
NEST again does best with 21% of the error of the naive method, while Tweedie’s formula
does next best with 23% of the error of the naive method. Many of the same patterns from
the normal setting hold true for the uniform setting, including the impact of doubling the
number of observations to 10,000, though the increase in observations benefits the SURE
2-group method more under the uniform model than under the normal model.
Table 3 shows the performance of the sparse model for µi . For this setting, we apply a
stabilizing technique to all estimators which ensures that the estimate µ̂ has the same sign
as the original data point x. In particular for (x, σ) we set µ̂S = I{sgn(x) = sgn(µ̂)} × µ̂,
where I is an indicator function. The diﬀerence between the heterogeneous and homogeneous
methods is much smaller in this setting. However, NEST still outperforms all the competing
methods and provides significant improvements over the Naive approach. Interestingly, for
this setting, there is only a 1%–4% decrease in performance for NEST when switching from
true risk to SURE. This suggests that while SURE is sensitive to the number of observations,
it does not necessarily suﬀer more than the true-risk estimator would in non-normal settings.
Overall, NEST was statistically significantly superior to all other methods in every simulation
setting we considered.

4.2. Real data
Next, we compare NEST and its competitors on California Academic Performance Index
(API) school testing data. The API data files are publicly available on the California Department of Education’s website, and the data were described in Rogosa (2003) and analyzed
previously by Efron (2008) and Sun and McLain (2012) in the context of multiple testing (with
heteroscedastic errors). The data focuses on the within-school achievement gap, for grades
2–12, between socio-economically advantaged (SEA) and socio-economically disadvantaged
(SED) students as measured by the diﬀerence between the proportion in each group who
passed California’s standardized math tests, p̂A − p̂D . During 2002–2013, these test scores
were collected in accordance with the No Child Left Behind act and used to unlock federal
funding for high-performing schools. With about 7, 000 schools evaluated each year, these
performance gaps are susceptible to mean bias. Some schools could, by chance, show severe
math proficiency diﬀerences that are not reflective of true school quality. It is fairer to evaluate schools after correcting for mean bias. Since the true means are unknown, we used each
year of data to predict school performance for the next year. For example, we used 2002’s
data to estimate 2003’s achievement gap, and 2003’s achievement gap to estimate 2004’s. Using years 2002–2012 as training data and years 2003–2013 as testing data, we ran our method
on 11 pairs of year–after–year data.
The data was cleaned prior to analysis. The diﬀerent passing rates in each school between
socioeconomic groups, 100(p̂A − p̂D ), served as Xi (in percentages). We chose schools where
nA and nD were at least 30 students each. Additionally, we used schools that had at least 5
students who passed and 5 students who failed the math test for both SED and SEA groups.
The standard deviations, corresponding to σi , for the Xi were calculated as
√
100 p̂A (1 − p̂A )/nA + p̂D (1 − p̂D )/nD .
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Table 3. Sparse model with standard errors in parentheses. Bolded terms represent
best performances for true and SURE risk in each variability setting
n
hx
Method
σM = 2
σM = 3
σM = 4
Naive
1.752(0.007)
3.569(0.015)
6.130(0.021)
NEST
0.529 (0.002) 0.701 (0.003) 0.856 (0.005)
TF
0.588(0.002)
0.845(0.003)
1.062(0.005)
Scaled
0.599(0.003)
0.846(0.004)
1.068(0.007)
True
5000
2 Groups
0.553(0.003)
0.774(0.004)
1.002(0.007)
Risk
5 Groups
0.546(0.005)
0.741(0.008)
0.937(0.012)
10 Groups
0.563(0.007)
0.775(0.012)
0.990(0.020)
NEST
0.533 (0.003) 0.715 (0.004 ) 0.890 (0.005)
TF
0.600(0.002)
0.900(0.004)
1.266(0.006)
Scaled
0.607(0.003)
0.864(0.005)
1.111(0.007)
2 Groups
0.573(0.005)
0.824(0.014)
1.128(0.032)
5000
SURE
5 Groups
0.642(0.022)
0.911(0.050)
1.605(0.231)
10 Groups
0.771(0.054)
1.295(0.208)
1.904(0.356)
Naive
1.745(0.004)
3.567(0.010)
6.079(0.018)
NEST
0.522 (0.001) 0.685 (0.002) 0.812 (0.003)
TF
0.588(0.001)
0.847(0.002)
1.040(0.003)
Scaled
0.592(0.002)
0.832(0.003)
1.034(0.005)
True
10000
2 Groups
0.546(0.002)
0.770(0.003)
0.972(0.005)
Risk
5 Groups
0.530(0.004)
0.715(0.005)
0.874(0.007)
10 Groups
0.540(0.005)
0.732(0.008)
0.898(0.012)
NEST
0.524 (0.001) 0.691 (0.002) 0.827 (0.003)
TF
0.598(0.001)
0.902(0.003)
1.250(0.004)
Scaled
0.596(0.002)
0.844(0.003)
1.062(0.005)
2 Groups
0.556(0.003)
0.798(0.008)
1.057(0.026)
10000 SURE
5 Groups
0.573(0.013)
0.828(0.033)
1.183(0.109)
10 Groups
0.664(0.039)
1.007(0.083)
1.560(0.260)

NEST

15

Table 4. Performance gap prediction errors. Bolded
terms represent best performances for SURE risk
Method
MSE (SE)
Method
MSE (SE)
Naive
66.01(0.78)
2 Group 55.18(0.67)
NEST
54.69 (0.69) 3 Group 54.93(0.83)
TF
56.01(0.94)
4 Group 55.23(0.84)
Scaled
56.95(0.61)
5 Group 55.29(1.02)

After cleaning, there were approximately 5, 500 schools in each of the 11 pairs of year–after–
year data, although the number varied slightly from year to year.
Competing methods were compared using the MSE, calculated by averaging the squared
diﬀerences between estimated school performance each year and actual school performance
the next year, and then taking the average across the 11 windows of such data. The standard
errors of the MSE were also calculated. We compared NEST to the same methods as in
the simulation study. The SURE criterion developed in this paper was used to tune the
bandwidth for all approaches except the naive method, which has no bandwidth parameter.
Each bandwidth was tuned over 20 evenly spaced points, where the endpoints were adjusted
to each method. The grouping method was also tuned over 2, 3, 4, and 5 groups. Since the
standard deviations were unimodal and did not suggest particular groupings, the groups were
constructed based on evenly spaced quantiles over the data.
The results, provided in Table 4, show that NEST outperforms all other methods, although
the diﬀerence is small in some cases. All shrinkage methods clearly improve on the naive
approach but still have relatively high errors. This is partly explained by the fact that we are
comparing the estimators to the following year’s achievement gap, which is itself only a noisy
estimate of the true mean level of performance for each school. The higher error rates are
also because, when the data is standardized, the standard deviations range from 1 to 12, with
more than half the values above the maximum standard deviation of 4 from the simulation
section. As we observed in Section 4.1, all methods suﬀer when standard deviations are very
large. NEST needs more observations to cover such a large range well, while the grouping
methods need more groups as well as many more observations.
5.

Proofs

This section proves all theoretical results.
5.1. Proof of Theorem 1
The proof follows from similar arguments in Brown (1971) and Johnstone (2015). We begin
by expanding the formula for the partial derivatives of fΣ (x|µ):
∫
∫
(1)
fΣ (x) = Σ−1 µfΣ (x|µ)Gµ (µ) − Σ−1 xfΣ (x|µ)dGµ (µ).
Then after pulling out Σ−1 on the left side and dividing both sides by fΣ (x), we get:
{∫
}
(1)
µfΣ (x|µ)dGµ (µ)
fΣ (x)
−1
=Σ
−x .
fΣ (x)
fΣ (x)
The right side simplifies according to the Bayes rule:
∫
∫
µfΣ (x|µ)dGµ (µ)
µfΣ (x|µ)dGµ (µ)
E(µ|x; Σ) = ∫
.
=
fΣ (x)
fΣ (x|µ)dGµ (µ)
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Finally left-multiplying both sides by Σ and taking x to the left side yields the desired result.
5.2. Proof of Proposition 1
The proof involves a simple application of the following Stein’s lemma.
Lemma 1. (Stein, 1981). Consider X ∼ N (µ, σ 2 ) and
function h with its
{ a diﬀerentiable
}
derivative denoted by h(1) . If E {h(X)(X − µ)} and E h(1) (X) exist, then we have
{
}
E {h(X)(X − µ)} = σ 2 E h(1) (X) .
(1)
(X∗ )
fˆ

Proof. Consider the class of estimators δh . Let h(X∗ ) = σ∗2 fˆσ∗ ,hh (X ) . Then δh∗ = X∗ +h(X∗ ).
h
σ∗ ,h

∗

∗
∗
2
Expanding
{ the risk2 R(δh , µ∗ ) = EX∗ |µ∗ (δh −2 µ∗ ) ,}we get three terms inside the expectation:
EX∗ |µ∗ (X∗ − µ∗ ) + 2h(X∗ )(X∗ − µ∗ ) + h (X∗ ) . The expectation of the first term is σ∗2 .
Applying Stein’s lemma to the second term, we get
{
}
EX∗ |µ∗ {2h(X∗ )(X∗ − µ∗ )} = 2σ∗2 EX∗ |µ∗ h(1) (X∗ )

}2 
{
ˆσ ,hh (X∗ )fˆ(2) (X∗ ) − fˆ(1) (X∗ )
f
h
h
σ∗ ,h
σ∗ ,h
 ∗

= 2σ∗4 EX∗ |µ∗ 
.
{
}2
fˆσ∗ ,hh (X∗ )

The third term can be easily computed as
EX∗ |µ∗ {h2 (X∗ )} = σ∗4 EX∗ |µ∗

[{
}2 {
}2 ]
(1)
fˆσ∗ ,hh (X∗ ) / fˆσ∗ ,hh (X∗ )
.

(
)
Combining the three terms gives the desired equality R δh∗ , µ∗ = EX∗ |µ∗ S(δh∗ ; X∗ , σ∗2 ). The
second part of the theorem follows directly from the first part.
5.3. Three lemmas for Proposition 2
Consider a generic triple of variables (X, µ, σ 2 ) from Model 1.1 and 1.2. The oracle estimator
∫
δ π and NEST estimators δ̂ are respectively constructed based on fσ (x) = ϕσ (x − µ)dGµ (µ)
h
and fˆσ,ĥh (x). In our derivation, we use the notation fˆσ (x), where the dependence of fˆ on ĥ
and observed data is suppressed.
We first define two intermediate estimators δ̃ and δ̄ to bridge the gap between δ̃ and δ̄.
The estimator δ̃ is based on f˜, which is defined as
}
{
(5.7)
f˜σ (x) = EX ,µµ|σσ 2 fˆσ (x) ,
to eliminate the variability in Xi and µi . The expression of f˜σ (x) can be obtained in two
steps. The first step takes conditional expectation over X while fixing µ and σ 2 :
∫
n
n
∑
∑
EX |µµ,σσ 2 {fˆσ (x)} =
ωj ϕhx σj (y − x)ϕσj (y − µj )dy =
ωj ϕνσj (x − µj ),
j=1

j=1

where ν 2 = 1 + h2x . The previous calculation uses the fact that
∫
ϕσ1 (y − µ1 )ϕσ2 (y − µ2 )dx = ϕ(σ12 +σ22 )1/2 (µ1 − µ2 )dx.

NEST
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2
The
∫ next step takes another expectation over µ conditional on σ . Using notation {g∗f }(x) =
g(µ)f (x − µ)dµ, we have

f˜σ (x) = Eµ |σσ 2

n
∑

ωj ϕvσj (x − µj ) =

n
∑

{
}
ωj gµ ∗ ϕνσj (x).

j=1

j=1

The second estimator δ̄ is based on f¯σ , which is defined as the limiting value of f˜σ to
eliminate the variability from σj . Note that
}
∑n {
j=1 gµ ∗ ϕνσj (x)ϕhσ (σj − σ)
˜
∑n
fσ (x) =
j=1 ϕhσ (σj − σ)
∫
{gµ ∗ ϕνy } (x)ϕhσ (y − σ)dGσ (y)
∫
=
+ Kn ,
ϕhσ (y − σ)dGσ (y)
where Kn is bounded and Eσ 2 (Kn ) = O(n−ϵ ) for some ϵ > 0. Let Ln ∼ n−ηl , 0 < ηl < ηs .
Define A∫σ := [σ − Ln , σ + Ln ], with its complement denoted AC
σ . Next we show that the
integral AC {gµ ∗ ϕνy } (x)ϕhσ (y − σ)dGσ (y) is vanishingly small. To see this, consider the
σ
value of ϕhσ (·) on the boundaries of AC
σ , where the density is the greatest. Then,
{
}
√
1
ϕhσ (Ln ) = ( 2πhσ )−1 exp − (Ln /hσ )2 .
2
−ε
The choice of a polynomial rate Ln ensures that for all y ∈ AC
) for
σ , ϕhσ (y − σ) = O(n
some ε > 0. Moreover, the support of σi is bounded. It follows that
∫
{gµ ∗ ϕνy } (x)ϕhσ (y − σ)dGσ (y) = O(n−ε ).
AC
σ

On Aσ , we apply the mean value theorem for definite integrals to conclude that there exists
σ̄ ∈ Aσ such that
∫
∫
{gµ ∗ ϕνy } (x)ϕhσ (y − σ)dGσ (y) = {gµ ∗ ϕν σ̄ } (x)
ϕhσ (y − σ)gσ (y)dy.
Aσ

Aσ

Following similar arguments we can show that
∫
∫
ϕhσ (y − σ)dGσ (y) =
ϕhσ (y − σ)dGσ (y){1 + O(n−ϵ )}.
Aσ

Cancelling the term
represented as:

∫
Aσ

ϕhσ (y − σ)dGσ (y) from top and bottom, the limit of f˜σ (x) can be
f¯σ (x) := {g ∗ ϕν σ̄ }(x), for some σ̄ ∈ Aσ .

(1)
f˜σ (x)

(1)
f¯σ (x),

(5.8)

Finally, the derivatives
and
as well as δ̃ and δ̄, can be defined correspondingly.
According to the triangle inequality, to prove Proposition 2, we only need to establish the
following three lemmas, which are proved in order from Section 5.4 to Section 5.6.
Lemma 2. Under the conditions of Proposition 2,
∫ ∫ ∫
(δ̄ − δ π )2 ϕσ (x − µ)dxdGµ (µ)dGσ (σ) = o(1).
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Lemma 3. Under the conditions of Proposition 2,
∫ ∫ ∫
Eσ 2
(δ̃ − δ̄)2 ϕσ (x − µ)dxdGµ (µ)dGσ (σ) = o(1).
Lemma 4. Under the conditions of Proposition 2,
∫ ∫ ∫
EX ,µµ,σσ 2
(δ̂ − δ̃)2 ϕσ (x − µ)dxdGµ (µ)dGσ (σ) = o(1).

5.4. Proof of Lemma 2
We first argue in Section 5.4.1 that it is suﬃcient to prove the result over the following domain
Rx := {x : Cn − log n ≤ x ≤ Cn + log n} .

(5.9)

This simplification can be applied to the proofs of other lemmas.

5.4.1. Truncating the domain
Our goal is to show that (δ̂ − δ π )2 is negligible on RC
x . Since |µ| ≤ Cn by Assumption 1, the
oracle estimator is bounded:
∫
µϕσ (x − µ)dGµ (µ)
π
2
δ = E(X|µ, σ ) = ∫
< Cn .
ϕσ (x − µ)dGµ (µ)
Let Cn′ = Cn + log n. Consider the truncated NEST estimator δ̂ ∧ Cn′ . The two intermediate
estimators δ̃ and δ̄ are truncated correspondingly without altering their notations. Letting
1Rx be the indicator function that is 1 on Rx and 0 elsewhere. Our goal is to show that
∫ ∫ ∫
(δ̂ − δ π )2 ϕσ (x − µ)dxdGµ (µ)dGσ (σ) = O(n−κ )
(5.10)
RC
x

for some small κ > 0. Note that for all x ∈ RC
x , the normal tail density vanishes exponentially:
′
ϕσ (x − µ) = O(n−ϵ ) for some ϵ′ > 0. The desired result follows from the fact that (δ̂ − δ π )2 =
o(nη ) for any η > 0, according to the assumption on Cn .

5.4.2. Proof of the lemma
We first apply triangle inequality to obtain
{
(δ̄ − δ π )2 ≤ σ 4

(1)

fσ (x)
fσ (x)

}2 {

fσ (x)
f¯σ (x)



}2 {
}2 2
}2 { ¯(1)
¯
f
(x)
f
(x)
σ
 σ
−1  .
−1 +
(1)
fσ (x)
fσ (x)

Hence the lemma follows if we can prove the following facts for x ∈ Rx .
(i) fσ (x)/fσ (x) = O(Cn′ ), where Cn′ = Cn + log n.
(1)

(ii) f¯σ (x)/fσ (x) = 1 + O(n−ε ) for some ε > 0.
(1)
(1)
(iii) f¯σ (x)/fσ (x) = 1 + O(n−ε ) for some ε > 0.
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To prove (i), note that δ π = O(Cn ) as shown earlier, x = O(Cn′ ) if x ∈ Rx . The oracle
(1)
estimator satisfies δ π = x + σ 2 fσ (x)/fσ (x). By Assumption 2, Gσ has a finite support, we
(1)
claim that fσ (x)/fσ (x) = O(Cn ).
{
}
√
Now consider claim (ii). Let Aµ := µ : |µ − x| ≤ log(n) . Following similar arguments in previous sections, we apply the normal tail bounds to claim that ϕν σ̄ (µ − x) =
2
O{n−1/(2σ +1) }. Similar arguments apply to fσ (x) when µ ∈ Aµ . Therefore
∫
ϕν σ̄ (x − µ)dGµ (µ) {
}
f¯σ (x)
µ∈A
= ∫ µ
1 + O(n−κ1 )
(5.11)
fσ (x)
ϕ (x − µ)dGµ (µ)
µ∈Aµ σ
for some κ1 > 0. Next, we evaluate the ratio in the range of Aµ :
[
{
}]
σ
1
1
ϕν σ̄ (µ − x)
1
=
exp − (µ − x)2
−
= 1 + O(n−κ2 )
ϕσ (µ − x)
(ν σ̄)
2
(ν σ̄)2
σ2

(5.12)

for some κ2 > 0. This result follows from our definition of σ̄, which is in the range of
[σ − Ln , σ + Ln ] for some Ln ∼ n−ηl . Since the result (5.12) holds for all µ in Aµ , we have
∫

∫

ϕν σ̄ (µ − x)
dGµ (µ)
ϕσ (µ − x)
µ∈Aµ
∫
{
}
=
ϕσ̄ (x − µ)dGµ (µ) 1 + O(n−κ2 ) .

ϕσ̄ (x − µ)dGµ (µ) =
µ∈Aµ

ϕσ (x − µ)

µ∈Aµ

Together with (5.11), claim (ii) holds true.
To prove claim (iii), we first show that
∫
∫
{
}
µ−x
µ−x
fσ(1) (x) = ϕσ (x − µ) 2 dGµ (µ) =
ϕσ (x − µ) 2 dGµ (µ) 1 + O(n−κ2 )
σ
σ
µ∈Aµ
for some κ > 0. The above claim holds true by using similar arguments of normal tails (as
the term (x − µ) essentially has no impact on the rate). We can argue similarly that
∫
f¯σ(1) (x) =
=

Aµ

µ−x
σ 2 ϕν σ̄ (µ − x)
ϕσ (µ − x) 2 dGµ (µ)
2
(ν σ̄) ϕσ (µ − x)
σ

fσ(1) (x){1 + O(n−ε )}

for some ϵ > 0. This proves (iii) and thus completes the proof of the lemma. Note that
the proof is done without using the truncated version of δ̄. Since the truncation will always
reduce the MSE, the result holds for the truncated δ̄ automatically.

5.5. Proof of Lemma 3
(1)
It is suﬃcient to prove the result over Rx defined in (5.9). Begin by defining R1 = f˜σ (x) −
(1)
f¯σ (x) and R2 = f˜σ (x) − f¯σ (x). Then we can represent the squared diﬀerence as

]2 
}2 [
{
¯σ(1) (x)
R
f
R
2
1
.
+ ¯
(5.13)
(δ̃ − δ̄)2 = O  ¯
fσ (x) + R2
fσ (x){f¯σ (x) + R2 }
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Consider Ln defined in the previous section. We first study the asymptotic behavior of R2 .
∑
{
}
(5.14)
R2 =
wj fσj (x) − fν σ̄ (x) + Kn (σ),
σj ∈Aσ

where the last term can be calculated as
∑

Kn (σ) =



∑
{
}
wj fσj (x) − fν σ̄ (x) = O 
wj  .

σj ∈AC
σ

σj ∈AC
σ

The last equation holds since both fσj (x){and fν σ̄ (x) are bounded
} according to our assumption
√
2
2
2
σl ≤ σj ≤ σu for all j. Consider Aµ := µ : |µ − x| ≤ log(n) . We have
∫
ϕ (x − µ)dGµ (µ) {
}
fν σ̄ (x)
µ∈Aµ ν σ̄
= ∫
1 + O(n−κ1 )
fσj (x)
ϕ (x − µ)dGµ (µ)
µ∈Aµ σj
for some κ1 > 0, and in the range of µ ∈ Aµ , we have
ϕν σ̄ (µ − x)/ϕσ (µ − x) = 1 + O(n−κ2 )
for some κ2 > 0 and all j such that σj ∈ Aσ . We conclude
that the first term in (5.14) is
∑
w
O(n−κ ) for some κ > 0 since fσj (x) is bounded and
∑ j∈Nσ j ≤ 1.
Now we focus on the asymptotic behavior of σj ∈ACσ ωσj (σ). Let K1 be the event that
∑n
n−1 j=1 ϕhσ (σj − σ) < 21 {gσ ∗ ϕhσ }(σ) and K2 the event that
n−1

n
∑

1{σj ∈ACσ } ϕhσ (σj − σ) > 2

j=1

∫
gσ (y)ϕ(y − σ)dy.
AC
σ

Let Yj = ϕhσ (σj − σ). Then for aj ≤ Yj ≤ bj , we use the Hoeﬀding’s inequality
}
{
(
)
2n2 t2
P |Ȳ − E(Ȳ )| ≥ t ≤ 2 exp − ∑n
.
2
j=1 (bi − ai )
Taking t = 12 E(Yi ), we have
{
}
(1/2)n2 {E(Yi )}2
P(K1 ) ≤ 2 exp −
= O(n−ϵ )
n · O(h−1
σ )
for some ϵ > 0. Similarly we can show that P(K2 ) = O(n−ϵ ) for some ϵ > 0. Moreover, on
the event K = K1C ∩ K2C , we have
∫
∑
4 AC gσ (y)ϕ(y − σ)dy
σ
ωσj (σ) ≤
= O(n−ϵ )
{g
∗
ϕ
}(σ)
σ
h
σ
C
σj ∈Aσ

for some ϵ > 0. We use the same ϵ in the previous arguments, which can be achieved easily
by appropriate adjustments (taking the smallest). Previously we have shown that the first
term in (5.14) is O(n−ϵ ). Hence on event K, R2 = O(n−κ ) for some κ > 0.
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′

Now consider the domain Rx . Define Sx := {x : f¯σ (x) > n−κ }, where 0 < κ′ < κ. On
Rx ∩ SC
x , we have
∫ ∫
−κ
(δ̃ − δ̄)2 fσ (x)dxdGσ (σ) = O{Cn′2 · P(Rx ∩ SC
)
(5.15)
x )} = O(n
Rx ∩SC
x

for some κ > 0. The previous claim holds true since the length of Rx is bounded by Cn′ , and
both δ̃ and δ̄ are truncated by Cn′ .
Now we only need to prove the result for the region Rx ∩ Sx . On event K, we have


[
]2
∫ ∫
(1)
(
)
¯
′
R2 fσ (x)
Eσ 2 1K ·
fσ (x)dxdGσ (σ) = O(Cn′2 )O n−(κ−κ ) ,
¯
¯
Rx ∩Sx fσ (x){fσ (x) + R2 }
which is O(n−η ) for some η > 0. On event K C ,
(
)
∫ ∫
2
(δ̃ − δ̄) fσ (x)dxdGσ (σ) = O(Cn′2 )O(n−ϵ ),
Eσ 2 1K C ·
Rx ∩Sx

which is also O(n−η ). Hence the risk regarding the second term of (5.13) is vanishingly small.
Similarly, we can show that the first term satisfies
(∫ ∫
)
{
}2
R1
Eσ 2
fσ (x)dxdGσ (σ) = O(n−η ).
f¯σ (x) + R2
Rx ∩Sx
Together with (5.15), we establish the desired result.
5.6. Proof of Lemma 4
(1)
(1)
Let S1 = fˆσ (x) − f˜σ (x) and S2 = fˆσ (x) − f˜σ (x). Then
{

}2 {
}2 {
}2
˜σ(1) (x)
f
S
S
2
1
.
(δ̃ − δ̂)2 ≤ 2σ 4 
+
f˜σ (x)
S2 + f˜σ (x)
S2 + f˜σ (x)

(5.16)

According to the definition of f˜σ (x) [cf. equation (5.7)], we have EX ,µµ|σσ 2 (S2 ) = 0. By doing
diﬀerentiation on both sides we further have EX ,µµ|σσ 2 (S1 ) = 0.
A key step in our analysis is to study the variance of S2 . We aim to show that
−1
VX ,µµ,σσ 2 (S2 ) = O(n−1 h−1
σ hx ).
∑n
To see this, first note that VX ,µµ|σσ 2 (S2 ) = j=1 wj2 VX ,µµ|σσ 2 {ϕhxj (x − Xj )}, where

{∫

∫
V{ϕhxj (x − Xj )}

=
=
=

(5.17)

{ϕhxj (x − y)}2 {gµ ∗ ϕσj }(y)dy −

}2
ϕhxj (x − y){gµ ∗ ϕσj }(y)dy

}2
∫
1
ϕ(z)gµ ∗ ϕσj (x + hx σj z)dz
ϕ (z)gµ ∗ ϕ(x + hx σj z)dz −
σj
}2
{∫
}
{
1
1
2
fσ (x) {1 + o(1)}
ϕ (z)dz fσj (x){1 + o(1)} −
hx σj2
σj j
1
hx σj2

{

∫

= O(h−1
x ).

2
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Next we shall show that
Eσ 2

{∑
n

}
)
(
2
.
w
= O n−1 h−1
σ
j=1 j

(5.18)

Observe that ϕhσ (σj − σ) = O(h−1
σ ) for all j. Therefore we have
n
∑

ϕ2hσ (σj − σ) = O(h−1
σ )

n
∑

ϕhσ (σj − σ),

j=1

j=1

which further implies that
n
∑

∑n
wj2

j=1

ϕ2hσ (σj − σ)
O(n−1 h−1
σ )
.
}2 = −1 ∑n
n
j=1 ϕhσ (σj − σ)
ϕ
(σ
−
σ)
j
j=1 hσ
j=1

= {∑
n

Let Yj = ϕhσ (ϕi − ϕ) and Ȳ = n−1

∑n
j=1

√
Yi . Then 0 ≤ Yj ≤ ( 2πhσ )−1 and

E(Yj ) = {gσ ∗ ϕhσ }(σ) = gσ (σ) + O(h2σ ).
Let E1 be the event such that Ȳ < 12 E(Ȳ ). We apply Hoeﬀding’s inequality to obtain
{
}
1
P Ȳ < E(Ȳ )
2

{
}
1
≤ P |Ȳ − E(Ȳ )| ≥ E(Ȳ )
2
{
}
2
2n gσ ∗ ϕhσ (σ)
≤ 2 exp −
n(2π)−1 h−2
σ
≤ 2 exp(Cnh2σ ) = O(n−1 ).

Note that

∑n
j=1

wj2 ≤

∑n

E(

j=1
n
∑

wj = 1. We have

wj2 ) =

j=1





n
n
∑
∑

E
wj2 1E  + E 
wj2 1C
E
j=1

=
=

O(n−1 h−1
σ )+
−1 −1
O(n hσ ),

j=1

O(n

−1

)

proving (5.18). Next, consider the variance decomposition
VX ,µµ,σσ 2 (S2 ) = Vσ 2 {EX ,µµ|σσ 2 (S2 )} + Eσ 2 {VX ,µµ|σσ 2 (S2 )}.
The first term is zero, and the second term is given by
(∑
)
n
2
−1 −1 −1
Eσ 2 {VX ,µµ|σσ 2 (S2 )} = O(h−1
)E
w
hσ hx ).
x
j=1 j = O(n
We simplify the notation and denote the variance of S2 by V(S2 ) directly. Therefore V(S2 ) =
′
O(n−ϵ ) for some ϵ > 0. Consider the following space Qx = {x : f˜σ (x) > n−ϵ }, where 2ϵ′ < ϵ.
In the proof of the previous lemmas, we have shown that on Rx ,
f˜σ (x) = fσ (x){1 + O(n−ϵ )} + Kn ,
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where Kn is a bounded random variable due to the variability of σj2 , and Eσ 2 (Kn ) = O(n−ε )
for some ε > 0. Next we show it is suﬃcient to only consider Qx . To see this, note that
(∫ ∫
)
Eσ 2
(∫ ∫
= Eσ 2

Rx ∩QC
x

(δ̃ − δ̄)2 fσ (x)dxdGσ (σ)
)
[
]
−ϵ
(δ̃ − δ̄) f˜σ (x){1 + O(n )} + Kn dxdGσ (σ)
2

Rx ∩QC
x

{
}
′
′
= O(Cn′3 ) O(n−ϵ ) + O(n−ϵ −ϵ ) + O(n−1/2 ) ,
which is also O(n−η ) for some η > 0. Let
{
}
Yj = wj ϕhxj (x − Xj ) − wj gµ ∗ ϕνσj (x)
∑n
∑n
and Ȳ = n−1 j=1 Yj . Then E(Yj ) = 0, S2 = j=1 Yj , and 0 ≤ Yj ≤ Dn , where Dn ∼ h−1
x .
Let E2 be the event such that S2 < − 12 f˜σ (x). Then by applying Hoeﬀding’s inequality,
{
}
}
{
2n2 { 21 f˜σ (x)}2
1˜
= O(n−ϵ )
P(E2 ) ≤ P |Ȳ − E(Ȳ )| ≥ fσ (x) ≤ 2 exp −
2
nDn2
for some ϵ > 0. Note that on event E2 , we have
{
}
EX ,µµ,σσ 2 (δ̂ − δ̃)2 1E2 = O(Cn2 )O(n−ϵ ) = o(1).
Therefore, we only need to focus on the event E2C , on which we have f˜σ (x) + S2 ≥ 12 f˜σ (x).
It follows that on E2C , we have {S2 /(f˜σ (x) + S2 )}2 ≤ 4S22 /{f˜σ (x)}2 . Therefore the first term
on the right of (5.16) can be controlled as


{
}2 {
}2
∫ ∫
˜σ(1) (x)
f
S
2
EX ,µµ,σσ 2 1E2C ·
fσ (x)dxdGσ (σ)
S2 + f˜σ (x)
f˜σ (x)
Rx ∩Qx
′

= O(Cn′2 )O(n−(ϵ−2ϵ ) ) = O(n−η )
for some η > 0. Hence we show that the first term of (5.16) is vanishingly small.
For the second term in (5.16), we need to evaluate the variance term of S1 , which can be
similarly shown to be of order O(n−η ) for some η > 0. Following similar arguments, we can
prove that the expectation of the second term in (5.16) is also vanishingly small, establishing
the desired result.
5.7. Proof of Proposition 3
Consider applying δi− to estimate µi . Then
∫ ∫ ∫
2
(δ̂ −i − µ)2 ϕσ (x − µ)dxdGµ (µ)dGσ (σ).
ri (δ̂ −i , G) = EX−i ,σ−i
Then the risk function for the jacknifed estimator is
(
)
n
(
)
(
)
∑
2
= n−1
ri δ̂ −i , G .
r δ̂ − , G = EX,µ,σ2 n−1 δ̂ − − µ
2

i=1

(5.19)
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Noting that ri (δ̂ −i , G) is invariant to i, and ignoring the notational diﬀerence between n and
n − 1, we can see that the average risk of δ̂ − from (5.19) is equal to the univariate risk r(δ̂, G)
defined by (3.5), and thereby
(
)converting the compound risk of a vector decision to the risk
of a scalar decision: r δ̂ − , G = r(δ̂, G).

5.8. Proof of Proposition 4
(1)
Consider the full and jackknifed density estimators fˆσi (xi ) and fˆσ−i (xi ). Denote fˆσi (xi ) and
(1),−
fˆσi (xi ) the corresponding derivatives. Let
Si =

n
∑

ϕhσ (σi − σj ),

Si− =

j=1

∑

ϕhσ (σi − σj ).

j̸=i

Some algebra shows the following relationships:
S−
1
fˆσ (xi ) = i fˆσ−i (xi ) +
,
Si
2Si πhσ hx σi

S−
fˆσ(1)
(xi ) = i fˆσ(1),−
(xi ).
i
Si i

(5.20)

The full and jackknifed NEST estimators are respectively given by:
δ̂i = xi + σi2

(1)
fˆσi (xi )
,
fˆσ (xi )

δ̂i− = xi + σi2

i

(1),−
fˆσi (xi )
.
fˆσ−i (xi )

(5.21)

Then according to (5.20) and (5.21), we have
(δ̂i −

δ̂i− )2

}2 {
}2
)2 { ˆ(1),−
fσi (xi )
1
=
fˆσ−i (xi )
Si fˆσi (xi )
{
}−2
−2
′2
ˆ
= O(h−2
x hσ )O(Cn ) Si fσi (xi )
(

σi
2πhx hσ

−1
ˆ
Define Q−
=
i = Si fσi (xi ) − (2πhx hσ σi )

∑
j̸=i

ϕhσ (σi − σj )ϕhxj (xi − xj ). Then

( )
EX ,µµ,σσ 2 Q−
= (n − 1)EXi ,µi ,σi2 q(Xi , σi2 ),
i
where the q function can be derived similarly as done in Section 5.3:
∫
q(x, σ 2 ) = {gµ ∗ ϕνy } (x)ϕhσ (y − σ)dGσ (y).
Let Yij = ϕhσ (σi − σj )ϕhxj (xi − xj ), and Ȳi as its average. Then E(Ȳi ) = E{q(Xi , σi2 )}. Let
Ai be the event such that Ȳ < 12 E(Ȳ ). Then applying Hoeﬀding’s inequality, we claim that
{
}
1
P(Ai ) ≤ P |Ȳi − E(Ȳi )| ≥ (Ȳi ) = O(n−ϵ )
2
for some ϵ > 0. Note that on event Ai , we have
{
}
EX ,µµ,σσ 2 (δ̂i − δ̂i− )2 1Ai = O(Cn′2 )O(n−ϵ ) = o(1).
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for all i. On the other hand,
{
}
≤
EX ,µµ,σσ 2 (δ̂i − δ̂i− )2 1ACi
≤

25

( − )−2
−2
′2
O(h−2
x hσ )O(Cn ) Qi
{
}−2
1
−2
′2
2
O(h−2
h
)O(C
)
(n
−
1)E{q(X
,
σ
)}
i
x
σ
n
i
2

Our assumption on bounded σi2 implies that E{q(Xi , σi2 ) is bounded below by a constant.
Hence
{
}
−2 ′2
EX ,µµ,σσ 2 (δ̂i − δ̂i− )2 1ACi = O(n−2 h−2
x hσ Cn ) = o(1).
Finally we apply triangle inequality and the compound risk definition to claim that
)
(
)
(
2
2
EX,µ,σ2 n−1 δ̂ − − µ
= EX,µ,σ2 n−1 δ̂ − µ
+ o(1),
2

2

which proves the desired result.
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